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Under investigation in this paper is the Hirota–Maccari equation, which is a generalized
(2 + 1)-dimensional model in ﬂuid dynamics, plasma physics and optical ﬁber communi-
cation. With the aid of the Hirota bilinear method and symbolic computation, the
corresponding N-soliton solutions are given and illustrated. The characteristic face method
and asymptotic analysis are applied to discuss the solitonic propagation and collision,
including the bidirectional solitons, elastic interactions and inelastic interactions. Finally,
a kind of special phenomenon with the parameters varying is investigated, which might
provide people with useful information on the dynamics of the relevant ﬁelds.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
As a kind of localized particle-like structures, solitons have many potential applications in ﬂuids, plasmas and other
ﬁelds, the dynamics of which can usually be described by the nonlinear evolution equations (NLEEs) [1–5]. In order to
construct some soliton solutions and study the integrability for the NLEEs, methods have been developed [1–4], such as
the inverse scattering method [6,7], Painlevé analysis [7–9], Hirota bilinear method [10–12], Wronskian technique [13,14]
and Bäcklund transformation [7,15]. Among those approaches, the Hirota bilinear method is a technique to construct the
N-soliton solutions in the form of the Nth-order polynomial in the N exponentials for certain NLEEs [10–12].
In this paper, with the aid of symbolic computation [3,4,16], the Hirota bilinear method will be applied to investigate
the (2+ 1)-dimensional Hirota–Maccari equation as below [17],
iut + uxy + iuxxx + uv − i|u|2ux = 0, (1a)
3vx +
(|u|2)y = 0, (1b)
where u is complex and v is real. It can be noted that the higher dimensional NLEEs can be considered as the generalizations
of (1 + 1)-dimensional ones with more solitonic structures [3,4]. For example, Kadomtsev–Petviashvili-typed equations in
ﬂuids and plasmas can be regarded as the generalizations of the KdV-typed ones [3,4]. Similarly, if we take x = y, System (1)
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520 X. Yu et al. / J. Math. Anal. Appl. 378 (2011) 519–527can be reduced to the (1+ 1)-dimensional Hirota equation [18], which is proposed as a model for the propagation of pulse
in optical ﬁber [19], and encompasses the modiﬁed Korteweg–de Vries (mKdV) equation [20], the nonlinear derivative
Schrödinger equation [21] and the nonlinear Schrödinger equation [2] in ﬂuids, plasmas and ﬁber optics.
As a generalized Hirota equation, the integrability of System (1) in the Lax sense has been discussed in Ref. [17].
Moreover, its solutions have been obtained by the uniﬁed algebraic method [22], Weierstrass elliptic function expansion
method [23], complex hyperbolic-function method [24] and direct algebraic method [25]. Ref. [26] has constructed a pro-
gram on the Painlevé analysis, in which System (1), as an example, is brieﬂy discussed. In addition, with a new system
constructed from System (1), Ref. [27] has used the singular manifold to get the Lax pair and Darboux transformation, and
Ref. [28] has further given the dromions and line solitons.
However, to our knowledge, there have been no N-soliton solutions for System (1) in the bilinear forms. This paper will
aim at that, and the solitonic propagation and collision will be investigated as well.
The structure of this paper will be organized as follows: In Section 2, with symbolic computation, the N-soliton solutions
for System (1) will be constructed by the Hirota bilinear method. In Section 3, some discussions on the corresponding
solutions will be presented. Finally, Section 4 will offer the conclusions.
2. Bilinear equations and N-soliton solutions
Through the following dependent variable transformations,
u = g
f
, v = 2(log f )xy, (2)
where g is a complex function and f is a real one of x, y and t , the bilinear equations of System (1) turn out to be the
following forms,[
iDt + iD3x + DxD y − iλDx
]
g · f = 0, (3a)
3D2x f · f + gg∗ = λ f 2, (3b)
where ∗ denotes the complex conjugate, λ is a real constant and Dmx Dnt is the Hirota bilinear derivative operator [12] deﬁned
by
Dmx D
n
t a · b ≡
(
∂
∂x
− ∂
∂x′
)m(
∂
∂t
− ∂
∂t′
)n
a(x, t)b
(
x′, t′
)∣∣∣∣
x′=x,t′=t
. (4)
We expand f , g and g∗ into power series of a small parameter  as
f = 1+  f1 + 2 f2 + · · · , (5a)
g = g0 + g1 + 2g2 + · · · , (5b)
g∗ = g∗0 + g∗1 + 2g∗2 + · · · . (5c)
Substituting Expansions (5) into Eqs. (3) and collecting the coeﬃcients of the same power of  , we have
0: [iDt + iD3x + DxD y − iλDx](g0 · 1) = 0, (6a)
3D2x(1 · 1) + g0g∗0 − λ = 0, (6b)
1: [iDt + iD3x + DxD y − iλDx](g1 · 1+ g0 · f1) = 0, (6c)
3D2x(1 · f1 + f1 · 1) + g0g∗1 + g1g∗0 − 2λ f1 = 0, (6d)
2: [iDt + iD3x + DxD y − iλDx](g0 · f2 + g1 · f1 + g2 · 1) = 0, (6e)
3D2x(1 · f2 + f2 · 1+ f1 · f1) + g0g∗2 + g1g∗1 + g2g∗0 −
(
2λ f2 + λ f 21
)= 0, (6f)
....
From Eqs. (6a) and (6b), we can obtain
g0 = αeξ0 , (7)
with ξ0 = i(k0x + ω0t), where ω0 = k30 + λk0, α2 = λ, λ > 0 and α, k0 are arbitrary real constants. In order to obtain the
one-soliton solutions for System (1), we assume that
g1 = a1αeξ0+ξ1 , (8a)
f1 = eξ1 , (8b)
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k1, l1 and ω1 are determined to satisfy the following relation,
ω1 = −k31 +
(
α2 + 3k20
)
k1 − k0l1 ± (l1 − 3k0k1)
√
2α2
3
− k21, (9)
which is called the nonlinear dispersion relation [12]. Further, substituting (8) into Eqs. (6e) and (6f), a1 is given by
a1 = e2iθ1 . (10)
Then k1 can be found to be
k1 =
√
6
3
α sin θ1. (11)
Correspondingly, it can be shown that f2 = g2 = f3 = g3 = · · · = 0,  can be absorbed into the constant and the one-soliton
solutions for System (1) in the explicit forms are
u = αei(k0x+ω0t) 1+ e
ξ1+2iθ1
1+ eξ1 , (12)
v = 2 ∂
2
∂x∂ y
[
log
(
1+ eξ1)]. (13)
Similarly, in order to derive the two-soliton solutions, we can choose
g1 = a1αeξ0+ξ1 + a2αeξ0+ξ2 , (14a)
f1 = eξ1 + eξ2 , (14b)
with ξ j = k jx+ ω jt + l j y + ξ0j ( j = 1,2), where k j , l j and ξ0j are arbitrary real constants and
ω j = −k3j +
(
α2 + 3k20
)
k j − k0l j ± (l j − 3k0k j)
√
2α2
3
− k2j ,
a j = e2iθ j ,
k j =
√
6
3
α sin θ j ( j = 1,2).
And then by using Eqs. (6e) and (6f), we can take
f2 = eξ1+ξ2+A12 , (15)
g2 = eξ0+ξ1+ξ2+2iθ1+2iθ2+A12 , (16)
eA12 = sin
2(θ1 − θ2)
(sin θ1 + sin θ2)2 , (17)
where A12 is a quantity determining the phase shift. Correspondingly, it can be obtained that f3 = g3 = f4 = g4 = · · · = 0,
 can be absorbed into the constant and the two-soliton solutions for System (1) are denoted by
u = αei(k0x+ω0t) 1+ e
ξ1+2iθ1 + eξ2+2iθ2 + eξ1+ξ2+2iθ1+2iθ2+A12
1+ eξ1 + eξ2 + eξ1+ξ2+A12 , (18)
v = 2 ∂
2
∂x∂ y
[
log
(
1+ eξ1 + eξ2 + eξ1+ξ2+A12)]. (19)
When we continue such process, we will be able to derive the three-, four-soliton solutions, even the N-soliton solutions
which can be denoted by
u = αei(k0x+ω0t)
∑
μ=0,1 exp[
∑N
j=1 μ j(ξ j + 2iθ j) +
∑N
1 j<h μ jμh A jh]∑
μ=0,1 exp(
∑N
j=1 μ jξ j +
∑N
1 j<h μ jμh A jh)
, (20)
v = 2 ∂
2
∂x∂ y
{
log
[ ∑
μ=0,1
exp
(
N∑
j=1
μ jξ j +
N∑
1 j<h
μ jμl A jh
)]}
, (21)
with
522 X. Yu et al. / J. Math. Anal. Appl. 378 (2011) 519–527Fig. 1. Overtaking collision given by Expression (18) at y = 0 with parameters α = √6, k0 = 1, k1 = −0.5, l1 = 1, k2 = −0.75, l2 = 1 and ξ01 = ξ02 = 0, at
(a) t = −20; (b) t = 0; (c) t = 20.
Fig. 2. Head-on collision given by Expression (18) at y = 0 with parameters α = √6, k0 = 1, k1 = −0.5, l1 = 1, k2 = −0.25, l2 = 1 and ξ01 = ξ02 = 0, at
(a) t = −20; (b) t = 0; (c) t = 20.
ξ j = k jx+ ω jt + l j y + ξ0j , k j =
√
6
3
α sin θ j,
ω j = −k3j +
(
α2 + 3k20
)
k j − k0l j ± (l j − 3k0k j)
√
2α2
3
− k2j , (22)
eA jl = sin
2(θ j − θh)
(sin θ j + sin θh)2 ( j = 1,2, . . . ,N), (23)
where l j , ξ0j and θ j ( j = 1,2, . . . ,N) are arbitrary real constants,
∑
μ=0,1 is a summation over all possible combinations of
μ j = 0,1 ( j = 1,2, . . . ,N) and ∑N1 j<h means a summation over all possible pairs ( j,h) chosen from the set (1,2, . . . ,N),
with the condition that 1 j < h [12].
3. Propagation and collision
Expressions (22) and (23) in the bilinear forms can beneﬁt the analysis on the solitonic propagation and collision:
3.1. Bidirectional solitons
Based on Expression (22), the characteristic face of each soliton can be written as
k jx+ l j y +
[
−k3j +
(
α2 + 3k20
)
k j − k0l j ± (l j − 3k0k j)
√
2α2
3
− k2j
]
t = 0. (24)
Since there are four arbitrary parameters, α, k0, l j and k j (or θ j), in Expression (24), it is convenient to control the solitonic
velocity in the proﬁle at y = 0 (or y = constant) by choosing the appropriate parameters. Bidirectional solitons have been
displayed in Figs. 1 and 2, respectively. Fig. 1 exhibits the overtaking collision with two left-going solitons, while Fig. 2
exhibits the head-on collision with one left-going soliton and one right-going soliton.
3.2. Elastic and inelastic interactions
3.2.1. Elastic interactions
Figs. 3 and 4 depict the elastic interactions of the two- and three-soliton solutions for System (1), respectively.
X. Yu et al. / J. Math. Anal. Appl. 378 (2011) 519–527 523Fig. 3. (a) Surface of |u| given by Expression (18); (b) Contour plots of |u| given by Expression (18); (c) Surface of v given by Expression (19). All with
parameters t = 0, α = 3, k0 = 1, k1 = 1, l1 = 2, k2 = −1.2, l2 = −1 and ξ01 = ξ02 = 0.
Fig. 4. (a) Surface of |u| given by Expression (20) for j = 3; (b) Contour plots of |u| given by Expression (20) for j = 3; (c) Surface of v given by Expres-
sion (21) for j = 3. All with parameters t = 0, α = 3, k0 = 1, k1 = 2, l1 = 1.2, k2 = 1.8, l2 = −1.2, k3 = 2.2, l3 = 0.4 and ξ01 = ξ02 = ξ03 = 0.
Furthermore, asymptotic analysis can show that Expression (23) determines the phase shift. Without loss of generality,
we assume that 0 < k1 < k2, l2/k2 > l1/k1 and ω2/k2 > ω1/k1. Since
u = αei(k0x+ω0t) 1+ e
ξ1+2iθ1 + eξ2+2iθ2 + eξ1+ξ2+2iθ1+2iθ2+A12
1+ eξ1 + eξ2 + eξ1+ξ2+A12 , (25)
we can get |u|2 as
|u|2 = α2 1
(1+ eξ1 + eξ2 + eξ1+ξ2+A12)2
[
1+ 2cos(2θ1)eξ1 + 2cos(2θ2)eξ2 + e2ξ1 + e2ξ2
+ 2cos (2θ1 + 2θ2)eξ1+ξ2+A12 + 2cos (2θ1 − 2θ2)eξ1+ξ2 + 2cos(2θ1)eξ1+2ξ2+A12
+ 2cos(2θ2)e2ξ1+ξ2+A12 + e2ξ1+2ξ2+2A12
]
. (26)
For (26), if ξ1 is ﬁxed, ξ2 can be expressed as
ξ2 = k2
[
ξ1
k1
+
(
l2
k2
− l1
k1
)
y +
(
ω2
k2
− ω1
k1
)
t +
(
ξ02
k2
− ξ
0
1
k1
)]
. (27)
When y → −∞ and t → −∞, we have eξ2 → 0; when y → ∞ and t → ∞, e−ξ2 → 0. So we can get
lim
y→−∞, t→−∞
(ξ1 ﬁxed)
|u|2 = α2 1+ 2cos(2θ1)e
ξ1 + e2ξ1
(1+ eξ1)2 = α
2
[
1+ cos(2θ1) − 1
2
sech2
(
ξ1
2
)]
(28)
and
lim
y→∞, t→∞
(ξ1 ﬁxed)
|u|2 = α2 e
2A12 + 2cos(2θ1)e−ξ1+A12 + e−2ξ1
(eA12 + e−ξ1)2 = α
2
[
1+ cos(2θ1) − 1
2
sech2
(
ξ1 + A12
2
)]
. (29)
Similarly, if ξ2 is ﬁxed, ξ1 can be expressed as
ξ1 = k1
[
ξ2 +
(
l1 − l2
)
y +
(
ω1 − ω2
)
t +
(
ξ01 − ξ
0
2
)]
. (30)
k2 k1 k2 k1 k2 k1 k2
524 X. Yu et al. / J. Math. Anal. Appl. 378 (2011) 519–527Fig. 5. (a) Surface of |u| given by Expression (18); (b) Contour plots of |u| given by Expression (18); (c) Surface of v given by Expression (19). All of three
with parameters t = 0, α = 3, k0 = 1, k1 = 2, l1 = 1.5, k2 = 2, l2 = −1.5 and ξ01 = ξ02 = 0.
Fig. 6. Surfaces of |u| given by Expression (20) for j = 3 with parameters t = 0, α = 3, k0 = 1, k1 = 2, l1 = 1.5, k2 = 2, l2 = −1.5 and ξ01 = ξ02 = ξ03 = 0.
(a) k3 = 1.75, l3 = 1.3125; (b) k3 = 1.75, l3 = 0; (c) k3 = 2, l3 = 1.
Fig. 7. Surfaces of v given by Expression (21) with the same parameters as those in Fig. 6.
When y → ∞ and t → ∞, we have eξ1 → 0; when y → −∞ and t → −∞, e−ξ1 → 0. So we can get
lim
y→∞, t→∞
(ξ2 ﬁxed)
|u|2 = α2 1+ 2cos(2θ2)e
ξ2 + e2ξ2
(1+ eξ2)2 = α
2
[
1+ cos(2θ2) − 1
2
sech2
(
ξ2
2
)]
(31)
and
lim
y→−∞, t→−∞
(ξ2 ﬁxed)
|u|2 = α2 e
2A12 + 2cos(2θ2)e−ξ2+A12 + e−2ξ2
(eA12 + e−ξ2)2 = α
2
[
1+ cos(2θ2) − 1
2
sech2
(
ξ2 + A12
2
)]
. (32)
The above analysis implies that after the collision the velocity and amplitude of each soliton remain unchanged except for
its phase shift described by Expression (23).
3.2.2. Inelastic interactions
Expression (23) reveals that if θ j = θh , the phase shift vanishes. In that case, inelastic interactions occur, which are
illustrated in Figs. 5, 6 and 7. It can be observed that the two solitons fuse at the point of intersection of the characteristic
line in Fig. 5.
X. Yu et al. / J. Math. Anal. Appl. 378 (2011) 519–527 525Fig. 8. Surfaces of |u| given by Expression (20) for j = 3 with parameters t = 0, α = 3, k0 = 1, k1 = k2 = k3 = 2, l1 = 1, l3 = 5, and ξ01 = ξ02 = ξ03 = 0.
(a) l2 = 2; (b) l2 = 3; (c) l2 = 4.
Fig. 9. Surfaces of v given by Expression (21) with the same parameters as those in Fig. 8.
Additionally, Figs. 6 and 7 show the three soliton inelastic interactions of |u| and v , respectively. In Figs. 6(a) and 7(a),
the two solitons fuse and the third parallels one of them with the parameters k1 = k2 = k3 and k1/l1 = k3/l3. Figs. 6(b)
and 7(b) display the propagation features with the parameters k1 = k2 = k3 and l3 = 0 while Figs. 6(c) and 7(c) with the
parameters k1 = k2 = k3. It can be found that Figs. 7(b) and 7(c) look alike, but the reason of that is completely different.
Since there exists the partial derivative of f with respect to y, when l3 = 0, one of the solitons in Fig. 7(b) disappears. The
reason why there are only two solitons in Fig. 7(c) will be presented in Section 3.3.
3.3. Covering effect
In this section, we will focus our interest on a kind of noticeable phenomenon, i.e., covering effect.
Inelastic collisions of three solitons with the parameters k1 = k2 = k3 have been illustrated in Figs. 8 and 9. However,
only two solitons can be observed obviously and the third disappears. Moreover, when l2 varies in the open interval (l1, l3),
the ﬁgures look unchanged, though there are inappreciable differences by more rigorous calculation. We will clarify those
reasons in the following:
Without loss of generality, with t = 0, 0 < k1 = k2 = k3 = k =
√
6
3 α sin θ , 0 < l1 < l2 < l3 and ξ
0
1 = ξ02 = ξ03 = 0, it can
be obtained that ξ1 = kx + l1 y, ξ2 = kx + l2 y and ξ3 = kx + l3 y. The relations among ξ1, ξ2 and ξ3 can be expressed as
ξ2 = ξ1 + ( l2−l1k )y, ξ3 = ξ2 + ( l3−l2k )y and ξ3 = ξ1 + ( l3−l1k )y.
From Expression (20) we can get
u = αei(k0x+ω0t) 1+ e
ξ1+2iθ1 + eξ2+2iθ1 + eξ3+2iθ1
1+ eξ1 + eξ2 + eξ3 (33)
and
|u|2 = α2 1+ 2cos(2θ1)(e
ξ1 + eξ2 + eξ3) + (eξ1 + eξ2 + eξ3)2
(1+ eξ1 + eξ2 + eξ3)2 . (34)
For (34), if ξ1 is ﬁxed, when y → −∞, we have eξ2 → 0, eξ3 → 0; when y → ∞, eξ1−ξ3 → 0 and eξ2−ξ3 → 0. Thus, it can be
obtained that
lim
y→−∞
(ξ1 ﬁxed)
|u|2 = α2 1+ 2cos(2θ)e
ξ1 + e2ξ1
(1+ eξ1)2 = α
2
[
1+ cos(2θ) − 1
2
sech2
(
ξ1
2
)]
(35)
and
lim
y→∞ |u|
2 = α2 1+ 2cos(2θ)e
−ξ3 + e−2ξ3
(1+ e−ξ3)2 = α
2
[
1+ cos(2θ) − 1
2
sech2
(
ξ3
2
)]
. (36)(ξ1 ﬁxed)
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obtained that
lim
y→−∞
(ξ3 ﬁxed)
|u|2 = α2 1+ 2cos(2θ)e
−ξ1 + e−2ξ1
(1+ e−ξ1)2 = α
2
[
1+ cos(2θ) − 1
2
sech2
(
ξ1
2
)]
(37)
and
lim
y→∞
(ξ3 ﬁxed)
|u|2 = α2 1+ 2cos(2θ)e
ξ3 + e2ξ3
(1+ eξ3)2 = α
2
[
1+ cos(2θ) − 1
2
sech2
(
ξ3
2
)]
. (38)
However, if ξ2 is ﬁxed, when y → −∞, we have eξ2−ξ1 → 0, eξ3−ξ1 → 0; when y → ∞, eξ2−ξ3 → 0 and eξ1−ξ3 → 0. Thus, it
can be obtained that
lim
y→−∞
(ξ2 ﬁxed)
|u|2 = α2 1+ 2cos(2θ)e
−ξ1 + e−2ξ1
(1+ e−ξ1)2 = α
2
[
1+ cos(2θ) − 1
2
sech2
(
ξ1
2
)]
(39)
and
lim
y→∞
(ξ2 ﬁxed)
|u|2 = α2 1+ 2cos(2θ)e
−ξ3 + e−2ξ3
(1+ e−ξ3)2 = α
2
[
1+ cos(2θ) − 1
2
sech2
(
ξ3
2
)]
. (40)
From the above results, it can be concluded that so long as l2 lies in the open interval (l1, l3), in spite of the value of l2, the
soliton with the characteristic line ξ2 disappears far from the collision region, i.e. covered by ξ1 and ξ3. When y → ∞ (or
y → −∞), the inﬂuence of l2 can be ignored. If the signal controlled by l2 connects with disturbance, the effect of that can
be hidden, which might be of interest. The other cases, e.g. l1 < 0 < l3, can be analyzed similarly.
In addition, we believe that all the results and discussions in Section 3 can be extended to the N-soliton solutions.
All the solutions discussed above have been symbolically veriﬁed with respect to System (1). It can be mentioned
that except for the Hirota bilinear method, there are also other analytic methods to the NLEEs such as the inverse scat-
tering method [6,7], Wronskian technique [13,14], transformed rational function method [29] and multiple exp-function
method [30]. Thereinto, the Wronskian technique is used to verify the N-soliton solutions by the direct substitution into
the NLEE, which can not be carried out easily by the Hirota bilinear method [13,14]. N-soliton solutions are just the ex-
amples of multiple wave solutions [14,31]. Furthermore, positons, negatons, breathers and complexitons can be constructed
by the Wronskian technique [14], while the multiple periodic wave solutions can also be constructed by the Riemann-theta
functions based on the Hirota bilinear form [31], which show the diversity of analytic solutions to the NLEEs [14,31].
4. Conclusions
In this paper, our interest has focused on System (1) which is an extended (2 + 1)-dimensional Hirota model in ﬂuid
dynamics, plasma physics and optical ﬁber communication. If x = y, System (1) can be reduced to the (1+ 1)-dimensional
Hirota model. Hereby, the N-soliton solutions for System (1) have been proposed and analyzed.
Compared with the existing results [22–25], the originality of our work is that the N-soliton solutions have been given
in the explicit forms with Expressions (22) and (23), based on which the solitonic propagation and collision have been
analyzed. Overtaking and head-on collisions have been shown in Figs. 1 and 2, respectively. Elastic and inelastic interactions
of the two- and three-soliton solutions have also been discussed with the asymptotic analysis, as shown from Figs. 3 to 7.
Furthermore, a kind of noticeable phenomenon with the parameters varying, i.e., covering effect, has been investigated, as
shown in Figs. 8 and 9.
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